
 

 

Logarithms 

What is a logarithm?    

We can use indices to write  1 = 100, 10 = 101, 100 = 102, 1000 = 103 𝑒𝑡𝑐. 

The number 10, used above, is called the base and the power the logarithm to base 10.  

We could rewrite the above as   

              𝑙𝑜𝑔10(1) = 0,    𝑙𝑜𝑔10(10) = 1,     𝑙𝑜𝑔10(100) = 2,      𝑙𝑜𝑔10(1000) = 3   

Generally, if 𝑎 is the base we want to use and we can write  𝑦 = 𝑎𝑥, then  𝑥 = 𝑙𝑜𝑔𝑎𝑦.  

It is clear that the rules for logarithms must closely follow those for indices. 

If 𝑥, 𝑦, 𝑎 and 𝑏 are positive numbers we can write 

                                𝑙𝑜𝑔𝑎(𝑥𝑦) = 𝑙𝑜𝑔𝑎𝑥 + 𝑙𝑜𝑔𝑎𝑦     

                                  𝑙𝑜𝑔𝑎 (
𝑥

𝑦
) = 𝑙𝑜𝑔𝑎𝑥 − 𝑙𝑜𝑔𝑎𝑦            

                                    𝑙𝑜𝑔𝑎𝑥𝑛 = 𝑛𝑙𝑜𝑔𝑎𝑥               

Change of base           𝑙𝑜𝑔𝑎𝑥 =
𝑙𝑜𝑔𝑏𝑥

𝑙𝑜𝑔𝑏𝑎
 

                                       𝑙𝑜𝑔𝑎1 = 0 

                                       𝑙𝑜𝑔𝑎𝑎 = 1 

If                                     𝑙𝑜𝑔𝑎𝑥 = 𝑙𝑜𝑔𝑎𝑦      then    𝑥 = 𝑦 

From the definition if 𝑦 = 𝑎𝑥, then  𝑥 = 𝑙𝑜𝑔𝑎𝑦   and  therefore    𝑦 = 𝑎𝑙𝑜𝑔𝑎𝑦 

There is one special logarithm base. It is base e, where e = 2.7182818 to 7 decimal places. 

Because of its special status we do not use the standard notation of 𝑙𝑜𝑔𝑒 but we use instead 

𝒍𝒏 and so 𝒍𝒐𝒈𝒆 ≡ 𝒍𝒏.  

Graph of  𝒂𝒙  
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Note that 𝑙𝑛𝑥 is the inverse function of 𝑒𝑥 and so the plot of 𝑒𝑥 can be obtained by 

reflecting the green curve above, in the line 𝑦 = 𝑥.  

Solving equations using logarithms 

Suppose we have to solve the equation 𝑎𝑥 = 𝑏. If we take the logarithm both sides we can 

write                   𝑙𝑜𝑔𝑐(𝑎𝑥) = 𝑙𝑜𝑔𝑐(𝑏)   𝑖. 𝑒. ,     𝑥𝑙𝑜𝑔𝑐(𝑎) = 𝑙𝑜𝑔𝑐(𝑏)   𝐨𝐫   𝑥 =
𝑙𝑜𝑔𝑐(𝑏)

𝑙𝑜𝑔𝑐(𝑎)
 

If 𝑐 = 𝑎  then  𝑥 =
𝑙𝑜𝑔𝑎(𝑏)

𝑙𝑜𝑔𝑎(𝑎)
= 𝑙𝑜𝑔𝑎(𝑏), whereas if 𝑐 = 𝑒   then  𝑥 =

𝑙𝑛(𝑏)

𝑙𝑛(𝑎)
. 

Linearising using Logarithms 

Suppose we wish to find 𝑎(> 0) and 𝑛 in the equation  𝑦 = 𝑎𝑥𝑛. Taking natural logarithms 

gives                       𝑙𝑛𝑦 = 𝑙𝑛𝑎 + 𝑛𝑙𝑛𝑥 

Thus, if you plot 𝑙𝑛𝑦 against 𝑙𝑛𝑥  the slope of the line would be 𝑛 and the intercept 𝑙𝑛𝑎. 

Suppose instead that you need to solve the equation  𝑦 = 𝑘𝑎𝑥. Taking natural logarithms 

gives                       𝑙𝑛𝑦 = 𝑙𝑛𝑘 + 𝑥𝑙𝑛𝑎 

Thus, if you plot 𝑙𝑛𝑦 against 𝑥  the slope of the line would be 𝑙𝑛𝑎 and the intercept 𝑙𝑛𝑘. 

NB. Any positive base can be used for the logarithms. 
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