
 

 

Discrete probability functions and the mean and variance 

Discrete probability functions 

We have talked about outcomes to random experiments and the individual probabilities of 

each outcome, or a set of outcomes. It is convention, if possible, to list all possible outcomes 

and their associated probabilities in tabular form to summarise an experiment. This is called 

the probability distribution of X.  

Notation:- The random variable associated with an experiment has a capital letter, whereas 

a particular outcome is indicated by the equivalent lower case letter. 

Example:- A fair coin is tossed twice and the total number of heads, X, is noted. A 

convenient sample space for the experiment is a list of all paired outcomes, i.e., 

                                                   𝑆 = {𝑇𝑇, 𝑇𝐻, 𝐻𝑇, 𝐻𝐻}. 

Each outcome is equally likely and so we associate the probability of 
1

4
 to each. The possible 

values of X are 0,1 and 2, with probabilities 
1

4
,

2

4
 and 

1

4
 respectively. These are displayed in 

tabular form as:-        

𝑥 0 1 2 

𝑝𝑥 1
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Note that ∑ 𝒑𝒙 =
𝟏

𝟒
+

𝟐

𝟒
+

𝟏

𝟒
= 𝟏𝒂𝒍𝒍 𝒙 , as it should be, to be a valid probability distribution.  

Note:- If you are asked to find the probability distribution of a random variable X you either 

display it in tabular form, showing all (𝑥, 𝑝𝑥) pairs, or define this pair mathematically. 

Cumulative distribution function 

The notation for a cumulative distribution function of a random variable X is usually 𝐹(𝑥) 

and it is defined as     𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) for all values of 𝑥 ∈ (−∞, ∞) 

For the above example  

    𝐹(𝑥) = 0    𝑖𝑓   𝑥 < 0 

    𝐹(𝑥) =
1

4
    𝑖𝑓   0 ≤ 𝑥 < 1 

    𝐹(𝑥) =
3

4
    𝑖𝑓   1 ≤ 𝑥 < 2 

    𝐹(𝑥) = 1    𝑖𝑓   2 ≤ 𝑥 

The dot means the point is included and the open bracket means the point is excluded. The 

size of the jump in the curve is the probability at that point. So, we can see that probability 

only occurs at the points 0,1 and 2 with sizes of 0.25, 0.5 and 0.25 respectively. Note the 

value of 𝐹(𝑥) always starts from zero to the far left and finishes up at 1 to the far right. It 

can never go down because that would mean a negative probability which isn’t allowed. It is 

also clear that probabilities are found by differencing the values of 𝐹(𝑥) at two points i.e.,  

𝑃(𝑋 = 1) = 𝐹(1) − 𝐹(0) = 0.75 − 0.25 = 0.5.  

Note:- Most statistical tables plot 𝑭(𝒙) not the probability function. 
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Mean and Variance of a Random Variable, or equivalently it’s distribution 

Suppose the above experiment was repeated N times and the values 0,1 and 2 occurred 

𝑓0, 𝑓1 and 𝑓2 respectively. The straightforward average of these numbers would be  

                   𝑥̅ =
∑ 𝑥𝑖

𝑁
𝑖=1

𝑁
=

(0×𝑓0+1×𝑓1+2×𝑓2)

𝑁
= 0 × (

𝑓0

𝑁
) + 1 × (

𝑓1

𝑁
) + 2 × (

𝑓2

𝑁
) 

The terms in brackets are the relative frequencies of each event and we define these to be 

the equivalent probabilities as 𝑁 → ∞. This prompts the following definition for the mean, 

written E(X), of the random variable X.   

If the probability distribution of X is the paired values (𝑥, 𝑝𝑥) listed for all 𝑥, then 

                  𝑬(𝑿) = ∑ 𝒙𝒑𝒙𝒂𝒍𝒍 𝒙 = 𝝁,       where 𝜇 is the usual notation for the mean.              

Generally, if you have any function of X, its mean value is 

                                                              𝑬(𝑼(𝑿)) = ∑ 𝒖(𝒙)𝒑𝒙𝒂𝒍𝒍 𝒙  

The mean is the most popular measure of centre but others include the median and mode. 

To describe a distribution, we need to indicate where its centre is, and how spread 

out(dispersed) it is. For each observation 𝑥𝑖, it’s deviation from centre, using the mean, is 

𝑥𝑖 − 𝜇. If 𝜇 = 2 and 𝑥𝑖 = 3 the deviation is 3 – 2 = 1. However, if 𝑥𝑖 = 1 the deviation is -1. 

From the point of view of spread, both are the same distance from the mean 𝜇 and we 

wouldn’t really want to distinguish between them. We can remove the sign problem by 

squaring the deviation and so we evaluate the average value of (𝑋 − 𝜇)2. We call this 

average the variance of the distribution of X and denote it by 𝜎2. It follows that the 

Variance of X is      𝝈𝟐 = 𝑬((𝑿 − 𝝁)𝟐) = ∑ (𝒙 − 𝝁)𝟐𝒑𝒙𝒂𝒍𝒍 𝒙 .       Now, 𝝈 = √𝝈𝟐 , has the 

same units as the random variable X, and is called the standard deviation of X, which is also 

used to indicate the dispersion of the distribution of X. 

Note:- A little algebra will confirm that  𝝈𝟐 = 𝑬((𝑿 − 𝝁)𝟐) = 𝑬(𝑿𝟐) − 𝑬𝟐(𝑿) 

A useful result:- If 𝑎 and 𝑏 are any two constants then 

              𝑬(𝒂𝑿 + 𝒃) = 𝒂𝑬(𝑿) + 𝒃          𝐚𝐧𝐝        𝑽𝒂𝒓(𝒂𝑿 + 𝒃) = 𝒂𝟐𝑽𝒂𝒓(𝑿) 

 

 

 

 

 

 

 

 

 

 


