
 

 

Distance, Displacement, Speed, Velocity and Acceleration 

Suppose, relative to some coordinate system, that a particle is at position 𝒓(𝑡1) at time 𝑡1 

and at 𝒓(𝑡2) at time 𝑡2. Then the average velocity over the time interval [𝑡1, 𝑡2] is the rate 

of change of distance with respect to time which is  𝑨𝒗𝒆𝒓𝒂𝒈𝒆 𝑽𝒆𝒍𝒐𝒄𝒊𝒕𝒚 =
(𝒓(𝑡2)−𝒓(𝑡1))

(𝑡2−𝑡1)
. To 

obtain the velocity at a point we just let 𝑡2 → 𝑡1. The result is the derivative of 𝒓(𝑡) with 

respect to time 𝑡.  Thus the velocity at a point is  𝒗 =
𝑑𝒓

𝑑𝑡
= (

𝑑𝑥

𝑑𝑡
) 𝒊 + (

𝑑𝑦

𝑑𝑡
) 𝒋 + (

𝑑𝑧

𝑑𝑡
) 𝒌. i.e., 

when differentiating a vector, you differentiate it component wise. Similarly, the 

acceleration is the rate of change of velocity with time, i.e.,  

                                                 𝒂 =
𝑑𝒗

𝑑𝑡
= (

𝑑𝑣𝑥

𝑑𝑡
) 𝒊 + (

𝑑𝑣𝑦

𝑑𝑡
) 𝒋 + (

𝑑𝑣𝑧

𝑑𝑡
) 𝒌.  

Bringing these results together we have 

            Position vector   𝒓 = (𝑥𝒊 + 𝑦𝒋 + 𝑧𝒌)    m 

           Velocity vector    𝒗 =
𝑑𝒓

𝑑𝑡
= (𝑣𝑥𝒊 + 𝑣𝑦𝒋 + 𝑣𝑧𝒌) = ((

𝑑𝑥

𝑑𝑡
) 𝒊 + (

𝑑𝑦

𝑑𝑡
) 𝒋 + (

𝑑𝑧

𝑑𝑡
) 𝒌)    𝑚/𝑠 

     Acceleration vector  𝒂 =
𝑑𝒗

𝑑𝑡
= (𝑎𝑥𝒊 + 𝑎𝑦𝒋 + 𝑎𝑧𝒌) = ((

𝑑𝑣𝑥

𝑑𝑡
) 𝒊 + (

𝑑𝑣𝑦

𝑑𝑡
) 𝒋 + (

𝑑𝑣𝑧

𝑑𝑡
) 𝒌)   𝑚/𝑠2 

NB. Notice the basic units for position, velocity and acceleration in SI units. Also note that  

the dot notation can be used to indicate differentiation with respect to time,  

i.e.,  𝒗 = 𝒓̇, 𝒂 = 𝒗̇ = 𝒓̈. 

Example:-  If the position vector of a particle at time t is 𝒓(𝑡) = (𝑡2𝒊 + 4𝑡3𝒋 + (1 − 𝑠𝑖𝑛𝑡)𝒌), 

determine its velocity and acceleration at time t. 

Here                𝒗 =
𝑑𝒓

𝑑𝑡
= (

𝑑

𝑑𝑡
(𝑡2)) 𝒊 + (

𝑑

𝑑𝑡
(4𝑡3)) 𝒋 + (

𝑑

𝑑𝑡
(1 − 𝑠𝑖𝑛𝑡)) 𝒌 

                             = 2𝑡𝒊 + 12𝑡2𝒋 − 𝑐𝑜𝑠𝑡𝒌 

Also                 𝒂 = (
𝑑

𝑑𝑡
(2𝑡)) 𝒊 + (

𝑑

𝑑𝑡
(12𝑡2)) 𝒋 − (

𝑑

𝑑𝑡
𝑐𝑜𝑠𝑡) 𝒌 

                             = 2𝒊 + 24𝑡𝒋 + 𝑠𝑖𝑛𝑡𝒌 

Example:- If the acceleration of a particle at time t is 𝒂 = 2𝒊 + 6𝒋 + 9𝒌, determine  

expressions for the velocity and position at time t. 

Since 𝒂 =
𝑑𝒗

𝑑𝑡
 then  𝒗 = ∫ 𝒂𝑑𝑡 + 𝑪, where 𝑪 = (𝐶𝑥, 𝐶𝑦, 𝐶𝑧) is a vector constant of 

integration. Hence 

                                  𝒗 = (∫ 2𝑑𝑡)𝒊 + (∫ 6𝑑𝑡)𝒋 + (∫ 9𝑑𝑡)𝒌 + 𝑪 = 2𝑡𝒊 + 6𝑡𝒋 + 9𝑡𝒌 + 𝑪 

 

 

 



 

 

Integrating again gives  

                                  𝒓 = (∫ 2𝑡𝑑𝑡)𝒊 + (∫ 6𝑡𝑑𝑡)𝒋 + (∫ 9𝑡𝑑𝑡)𝒌 + ∫ 𝑪 𝑑𝑡 

                                      = 𝑡2𝒊 + 3𝑡2𝒋 +
9

2
𝑡2𝒌 + 𝑪𝑡 + 𝑩 

where  𝑩 = (𝐵𝑥, 𝐵𝑦, 𝐵𝑧), is a vector constant of integration. As usual C and B can be 

determined when boundary conditions are given. 

Note  The distance of a particle from the origin is denoted as |𝒓| = √𝑥2 + 𝑦2 + 𝑧2 

The speed of a particle is 𝑣 = |𝒗| = √𝑣𝑥
2 + 𝑣𝑦

2 + 𝑣𝑧
2, both are positive scalar quantities. 

 

Velocity – time plot for 1 dimensional motion. 

Suppose we were given the velocity-time plot shown below. Describe its features and 

determine the total distance travelled. We note the following:- 

1. For the first 50 s the particle is 

travelling with constant acceleration 

since the plot is linear over this 

range. The acceleration is the rate of 

change of velocity and so the 

acceleration is 

                𝑎 =
𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑣𝑒𝑙

𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑡𝑖𝑚𝑒
 

                    =
20−0

50
= 0.4𝑚𝑠−2 

2. The velocity is constant for the next 

35s and so the acceleration is 0 here. 

3. The velocity declines to zero over the next 40s and so there is a retardation of 

 𝑎 =
0−20

40
= −0.5𝑚𝑠−2. This is also true for the last 10s. 

4. Lastly, we note that the area under the velocity time curve is 

      ∫ 𝑣𝑑𝑡
𝑡1

𝑡0
= ∫

𝑑𝑟

𝑑𝑡
𝑑𝑡

𝑡1

𝑡0
= ∫ 𝑑𝑟

𝑡1

𝑡0
= 𝑟(𝑡1) − 𝑟(𝑡0) = Displacement   

Distance travelled in the first 125s, whilst the velocity is positive, is 

                                 
50×20

2
+ 35 × 20 +

20×40

2
= 1600𝑚 

In the last 10s the velocity is negative, and equal to −0.5 × 10 = −5 𝑚𝑠−1 after 135𝑠, and 

so it is travelling backwards to the origin from 125s. Distance travelled here is 
10×5

2
= 25𝑚.  

In summary 

Displacement from the origin = 1600 − 25 = 1575𝑚  

Distance travelled = 1600 + 25 = 1625𝑚 

NB a curved section of the curve implies there is a time dependent acceleration. 
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Displacement-time plot associated with the above velocity-time plot 

1. In the first 50s the velocity is proportional to time and is zero when t = 0. Thus  

𝑟 = ∫
20𝑡

50
𝑑𝑡 = 0.2𝑡2. This is a quadratic, with a minimum at t=0 and rising to 500m 

when t = 50s. 

2. The velocity is constant(20m/s) for 50 < 𝑡 < 85. Therefore 𝑟 = 20(𝑡 − 50) + 500 

over this range. Thus, when t = 85, 𝑟 = 20 × 35 + 500 = 1200𝑚. 

3. For 85 < 𝑡 < 135, 𝑣 = −0.5(𝑡 − 85) + 20 = −0.5𝑡 + 62.5 and so by integrating  

              𝑟 = −
𝑡2

4
+ 62.5𝑡 + 𝐶. Now 𝑟 = 1200 when 𝑡 = 85, hence C = -2306.25. 

             This distance is maximised when v = 0, i.e., when t = 125s, the maximum value being    

             1600m.  

The shape of this displacement time plot is shown below. 
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